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Introduction
In a previous paper [1] we have shown that it is possible to replace the second-order nonlinear differential equation which governs the behaviour of a conservative nonlinear oscillator with a linear equation that approximates the original nonlinear equation closely enough to give accurate results. This linearization scheme uses the Chebyshev series expansion of the restoring force is used instead of the Taylor one [2] [3] [4] and an approximate frequency depending on the oscillation amplitude is obtained. In this paper we present a generalization of this technique in which the original second-order nonlinear differential equation is replaced with the well-known Duffing equation, and this cubic equation is exactly solved. To do this approximation the Chebychev series expansion of the restoring force is also used instead of the Taylor one [2, 3] . Some examples of conservative nonlinear oscillators are analyzed and we can see the approximate frequencies obtained are valid not only for small but also for large values of the oscillation amplitude and, in some situations, these approximate frequencies are valid for the complete range of oscillation amplitude, including the limiting cases of amplitude approaching zero and infinity. Excellent agreement of the approximate frequencies with the exact ones will be demonstrated and discussed. We think this study can be interesting for students of Classical Mechanics courses at university level.
Formulation and solution method
Consider the second order differential equation, which governs the motion of a nonlinear conservative oscillator
with initial conditions
We suppose that the nonlinear function f(x) is odd, i.e.
A being the amplitude of motion. The motion is assumed to be periodic and the problem is to determine the angular frequency of oscillation and corresponding solution as a function of the system parameters and the amplitude A.
In order to derive simple analytical formulae we can expand the function f(x) in Taylor series around the equilibrium point x = 0 and the following equation is obtained
where
and we have taken into account that the function f(x) is odd and then the series expansion contains only terms involving odd powers of x. For small values of x (and then of A) it is possible to do the following cubic approximation 
whose frequency and solution are given as follows [6, 7] 
However, the results obtained with this approximation will be only valid for small amplitudes and only when the series expansion in Eq. (2) can be carried out (see the discussion of this fact in references [1] and [8] ).
In order to approximately solve the Eq. (1) by means a better cubication procedure, a reduced variable y = x/A is introduced in Eqs. (1) and (2) €
Following Denman [2] and Jonckheere [3] , the function f(Ay) is expanding in terms of Chebyshev polynomials of the first kind
where the first two polynomials are [9, 10] €
and [9, 10] (14) which are amplitude dependent. In Eq. (14) we have taken into account that f(x) is an odd function of x. We can approximate Eq. (12) retaining only the first two terms as follows
The nonlinear differential equation in (1) can be then approximated by the following Duffing
and
Then, approximate frequency and solution for the initial equation will be exact frequency and solution for the Duffing equation, and it will give as follows
Substituting Eqs. (17) and (18) as follows
where b 1 and b 3 depend on the initial amplitude A (see Eq. (14)).
Examples
In this section, we present some examples to illustrate the usefulness and effectiveness of the cubication technique based on the Chebyshev series expansion.
3.1.-The simple pendulum
This is perhaps one of the systems more times analyzed approximately [11] [12] [13] [14] [15] [16] . The nonlinear differential equation for the simple pendulum is
with initial conditions given in Eq. (2). From Eq. (14) we obtain respectively. Substituting in Eq. (21), the approximate frequency can be written as follows
In Figure 1 we compare the nonlinear function € f ( x) /ω 0 2 = sin x with its cubic approximations obtained using the Taylor series expansion,
x 3 , and the Chebyshev series
For the simple pendulum the exact frequency
It is easy to verify that the relative errors of the approximate frequencies and A < 155º, respectively.
3.2.-Antisymmetric, constant force oscillator
Suppose that a particle of mass m moving in one dimension, x, has a state of stable equilibrium produced by a force that is directed toward the origin and has a constant magnitude 
The nonlinear differential equation for this case is
with initial conditions given in Eq. (2). 
which allows us to write the approximately frequency for this oscillator as follows
In Figure 2 we compare the nonlinear function
with its cubic approximation obtained using the Chebyshev series expansion,
Direct integration of Eq. (26) yields the exact frequency € ω e ( A) as follows [6] € ω e ( A) = πλ
We can easily verify that
This means that the relative error of the approximate frequency is less than 0.62% for all oscillation amplitudes.
3.5.-Mass attached to two stretched elastic springs
The nonlinear differential equation for this case can be written as follows [1, 5, 6 ,17]
where 0 < λ ≤ 1. From Eq. (14) we obtain
where K(m) and E(m) are the complete elliptic integrals of the first and the second kind, respectively, and E(m) is defined as follows
In Figure 3 we compare the nonlinear function The exact frequency can be written as follows [1, 17] 
which must be solved numerically for each value of A. As an example we only consider
In this situation, and for small values of the amplitude A, it is possible to take into account the following approximation
For small values of A it is also possible to do a power-series expansion of the approximate angular frequency € ω Ch ( A) and we obtain
where € Γ(q) is the Euler gamma function. These power-series expansion is done using MATHEMATICA. We can easily verify that
which means that the relative error of the angular frequency tends to 0 when A tends to zero and to infinity. In Figure 4 we have plotted the relative error of the approximate frequency as a function of A for 
3.4.-The dynamically shifted oscillator
The nonlinear differential equation for this case is [22]
with initial conditions given in Eq. (2) . Parameter x 0 is the dynamic shift and it can be positive or negative, but in the last situation
Using the Chebyshev series expansion we obtain
and the approximate frequency is given as
In Figure 5 we compare the nonlinear function
The exact frequency € ω e ( A) for this oscillator is given as follows [8, 18, 19] € ω e ( A) = ω 0 1− 2 π sin
For small values of the amplitude A, it is possible to take into account the following
which means that the relative error of the angular frequency tends to 0.62% when A tends to zero. 
Conclusions
